A version of the fast Fourier transform (FFT) is used in a hybrid computer program to permit processing of tracking data to yield the human operator's describing function almost immediately after the period of data-taking. The use of the FFT allows the final calculation time required to process 216 seconds of tracking data to be reduced to 3 seconds from the 10 minutes previo'usly required on the same computer. The algorithm used permits the bulk of the analysis of the data to be performed while the data are being taken, and does not require all the data to be present in core before processing begins. %   TABLE OF SYMBOLS   a the index of summation for the additive portion of the FFT A, a constant which weights the sinusoids composing the system input, see Table I A . the real part of the truncated Fourier transform of x(t) at the frequency to, , given by x(t) cos (u,t) dt K B xk the iroaginary part of the truncated Fourier transform of x(t) at the frequency w, , given by T r I J x(t) sin (u),t) dt c a subscript referring to the output of the human operator at the control stick (see Figures 1 and 4) c{nAt) the data samples taken at the human operator's output e(nAt) FFT .
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By Richard S. Shirley Electronics Research Center SUMMARY A version of the fast Fourier transform (FFT) is used in a hybrid computer program to permit processing of tracking data to yield the human operator's describing function almost immediately after the period of data-taking. The use of the FFT allows the final calculation time required to process 216 seconds of tracking data to be reduced to 3 seconds from the 10 minutes previo'usly required on the same computer. The algorithm used permits the bulk of the analysis of the data to be performed while the data are being taken, and does not require all the data to be present in core before processing begins. %   TABLE OF SYMBOLS   a the index of summation for the additive portion of the FFT A, a constant which weights the sinusoids composing the system input, see Table I A . the real part of the truncated Fourier transform of x(t) at the frequency to, , given by x(t) cos (u,t) dt the square root of -1.
a subscript used to denote the input frequencies, equal to 1, 2, 3, ...,14 m(nAt) the data samples taken at the system output n the index of summation for the multiplicative portion of the FFT the number of data samples taken, 10,800 the period of data-taking, equal to 216 seconds the dynamics of the controlled element (see Figures 1 and 4) the linear portion of the quasi-linear describing function INTRODUCTION Only recently have dynamic models of the human operator been used effectively in the design of man-vehicle systems. This is due partially to a lack of understanding of the human operator and also to the difficulty and expense of experimentally determining values for the various parameters of existing models. Improvements in computers and computational techniques are overcoming these difficulties, and already it is possible to bring about significant .improvements in a man-vehicle system through the use of pilot models in preliminary design (refs. 1 and 2) . This paper describes a computational technique which reduces greatly the cost of obtaining values permitting the use of a current pilot model, i.e., the quasi-linear describing function.
One way to characterize the behavior of a human operator in a continuous tracking task is by a quasi-linear describing function, which consists of a linear describing function and a remnant. The linear describing function is the average frequency response of the human operator, i.e., his amplitude ratio and phase as a function of frequency. The remnant, characterized by a continuous power spectral density, is that portion of the human operator's output which is not linearly correlated with his input. The total output of the human operator is the sum of the remnant and the output of the linear describing function* (see A direct way to measure describing functions in the laboratory involves the use of a hybrid computer and the method of Fourier coefficients. The method of Fourier coefficients has been extensively investigated and is described in detail (ref. 3). It will be briefly outlined here for completeness. The human operator is placed in a control loop, possibly as shown in Figures 1 and 4. The system input, a sum of sinusoids of known amplitude, phase, and frequency is updated every At seconds; simultaneously, data are taken at the human operator's input and output. At the end of T seconds, the sampled values of the human operator's input and output are processed as follows:
. N = ~£c(nAt) cos <w,nAt) 
where the to, 's are the input frequencies, and the w.'s lie between the w k 's.
This paper describes how a version of the fast Fourier transform (FFT) is used to compute human operator describing functions, or more specifically, how a version of the FFT is used to solve Eqs. (1) through (4), while the data samples, c(nAt) and e(nAt), are being taken. The FFT is an algorithm which greatly reduces the time required to calculate the truncated Fourier transform, or periodogram, of a sampled time signal. The savings are obtained by replacing calculations which involve trigonometric functions or multiplications with simple additions. The replacement is accomplished by taking advantage of the symmetries of the sine and cosine functions, and by further taking advantage of relationships between the frequencies at which the Fourier analysis is performed.
THE VERSION OF THE FFT USED
The version of the FFT used takes advantage only of the symmetries of the sine and cosine functions. It does not take advantage of the relationships among the frequencies at which the Fourier analysis is performed. By not using the complete version of the FFT, it becomes possible to perform the bulk of the data-processing during the At seconds between interrupts while the experiment is still in process. The requirement that the data be in core before processing, or even that the data fit in core, is avoided. The following derivation of the algorithm used will make this point clearer. It should be noted that before the FFT was used it was not possible to perform the calculations between interrupts because the computation time required was over two and a half times greater than that which was available.
It is desired to evaluate Eqs. (1) through (4) using a digital computer. In order to permit the use of the FFT, the input frequencies, to, , will be restricted to 2TT where the D k are chosen from 4, 8, 12, 16, etc . The method of Fourier coefficients further requires that the ratio N/D k be an integer (where N is the number of data samples taken at intervals At) . The derivation for A ek and B ek is identical to the derivation which follows for A ck and B ck . (12) and (13) to be written as
Finally, the identities sin (-0) = -sin 6, cos (-6) = cos 6, sin (7T/2) = cos (IT) = 1, and sin (ir) = cos (ir/2) = 0 permit Eqs. (14) and (15) where Yk = ( D k/ 4 > -1 -Equations (16) and (17) represent the algorithm used in the hybrid program. The summation over "a" is performed between interrupts during the experiment and is called the "additive portion" of the FFT. At the end of the data-taking period, the summation over n (called the "multiplicative portion" of the FFT) and the calculation of the human operator's describing function [using Eqs. (8) and (9)], can be performed in less than three seconds.
The hybrid computer program is written in a Fortran IV language which includes hybrid commands. The program is listed in Appendix A. Table I lists Figure 6 shows a flow diagram of the hybrid program, and lists the time taken by each part of the program, both for the FFT version and for the version written the old way [directly computing Eqs.
(1) through (4)]. As shown in Figure 6 , the FFT permits a saving of nearly ten minutes per run, effectively reducing the run time to the time required to take the data and print the results.
RESULTS
An initial check of the hybrid program was made by taking measurements across known filters. The results shown in Illll I III  I I I I I  I  I  I I I I I I I I I No comparison is made between results for the programs with and without the FFT (on Figures 2, 3, 7, 8) because the results are identical, as is shown analytically in the derivation of Eqs. (16) and (17). The comparison between the computation times for the two programs ( Figure 6 ) however, indicates the substantial savings obtained by using the FFT. The only penalty paid for the reduced computational time is an increase in the complexity of the written Fortran program, as shown in Appendix A. (2, "The aeronautical awl space activities of t&$ United States shall be conducted so its to contribute . , . to the expansion of human knowledge*of phenowem in the atmosphere and space. The Administration ihall provide for tjjjte Wjdett practicable and appropriate dissemination of information concerning its activities and fbe fesulfs thereof" SPACE ACT OF 
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